We propose a theoretical scheme to show the possibility of generating motional nonlinear coherent states and their superposition for an undamped vibrating micromechanical membrane inside an optical cavity. The scheme is based on an intensity-dependent coupling of the membrane to the radiation pressure field. We show that if the cavity field is initially prepared in a Fock state, the motional state of the membrane may evolve from vacuum state to a special type of nonlinear coherent states. By examining the nonclassical properties of the generated state of the membrane, including the quadrature squeezing and the sub-Poissonian statistics, we find that by varying the Lamb-Dicke parameter and the membrane's reflectivity one can effectively control those properties. In addition, the scheme offers the possibility of generating various types of the so-called nonlinear multicomponent Schrödinger cat sates of the membrane. We also examine the effect of the damping of the cavity field on the motional state of the membrane.
I. INTRODUCTION
The coupling of mechanical motion of mesoscopic or macroscopic mirrors to the electromagnetic degrees of freedom via radiation pressure[1, 2] is a promising approach for applications ranging from the detection of weak forces and small displacements to fundamental studies of the transition between the quantum and the classical world [3] . The canonical optomechanical system consists of an optical cavity where one of the end mirrors is free to move [4] . The radiation pressure acting on the movable mirror realizes an optomechanical coupling between the incident optical modes and the various vibrational modes of the mirror. The use of optomechanical coupling has been proposed many years ago for the implementation of quantum limited measurements of mechanical forces [5] , as the interferometric detection of gravitational waves [6] or atomic force microscopy [7] . Since then, optomechanical systems have generated much experimental and theoretical interest [8] [9] [10] [11] [12] . They offer the prospect of realizing quantum effects at a macroscopic scale [13] , of supplying quantum sensors for applications ranging from single molecule detection [14] to gravitational wave interferometry [15, 16] , for the quantum control of atomic, molecular, and optical systems [17] , and for possible new quantum information processing devices [18] . The optomechanical cooling and trapping of mirrors has also recently become the subject of an intense research effort [9-11, 15, 19] as it offers a viable means of exploring quantum effects such as superposition the case of a light field where the imprint of the quantum regime is signaled by generation of nonclassical states, the generation of nonclassical states of a mechanical oscillator can be a hallmark for quantum control of a macroscopic massive object [31] . The possibilities to generate nonclassical states, and in particular a superposition of coherent states of the quantized field are because of the Kerr-like Hamiltonian that may be obtained in the optomechanical systems [27, 28] . Besides, the fact that the motion of the mechanical oscillator is quantized allows the possibility to generate a large variety of nonclassical states of the mirror [27] . It is shown that the mirror can also be prepared in a Schrödinger cat state with many components by a quadrature measurement of the cavity field after its interaction with the moving mirror. Moreover, the possibility of generating even and odd coherent states of a moving mirror has been considered [32] . A detailed analysis of the effects of finite temperature on creating and verifying a macroscopic quantum superposition in a micro-optomechanical system has been presented in [33] . It has been shown that an unambiguous demonstration of a quantum superposition requires the mechanical resonator to be in or near the ground state. In Ref. [8] the authors propose a scheme for transferring quantum states from the propagating light fields to macroscopic, collective vibrational degree of freedom of a massive mirror by exploiting radiation pressure effects. Some of other more recent proposals include the generation of squeezed states of a vibrating membrane or a movable mirror via reservoir engineering in an optomechanical setup [30] , the creation of EPR beams in an optomechanical system [34] , and the creation of robust entanglement against increasing temperature between the optical intracavity mode and the mechanical mode of the mirror [35] .
In recent years, there has been paid much attention to the study of a family of generalized coherent states, the so-called nonlinear coherent states(NLCSs) [36] because of their relevance in nonlinear quantum optics. They correspond to nonlinear algebras rather than Lie algebras [37] . For a detailed discussion of the mathematical properties of NLCSs we refer the reader to Ref. [37, 38] . The NLCSs, and their superposition exhibit nonclassical features like amplitude squeezing, subPoissonian statistics and self-splitting accompanied by pronounced quantum interference effects [39] . These states are not mere mathematical objects. In the context of ion trap, the microscopic NLCSs may appear as stationary states of the center-of-mass motion of a trapped and laser-driven ion far from the Lamb-Dicke regime [36] . The method makes use of the strong nonlinearities inherent in the Jaynes-Cummings Hamiltonian for the laser-assisted vibronic interaction [40] . Very recently, it has been introduced [41] a physical scheme that allows one to prepare and control a special kind of these states, the so-called sphere-coherent states, as the motional dark states of a properly laser-driven trapped-atom system. Furthermore, it has been explored [42] the possibility of generating various families of NLCSs in a lossless micromaser within the framework of intensity-dependent Jaynes-Cummings model. Motivated by the above-mentioned studies on the generation of various types of nonclassical states in an optomechanical structure, in the present paper we deal with the question of how the NLCSs can be generated in an optomechanical system. The system under consideration is an optomechanical cavity with membrane-in-the middle geometry that consists of a high finesse cavity with two perfectly reflecting fixed end mirrors, and a partially reflective movable middle mirror(such as a dielectric membrane) [21] [22] [23] 43] . In this type of optomechanical structure, the radiation pressure and cavity detuning are periodic in the membrane displacement. This periodicity leads to an intensity-dependent interaction of the radiation pressure field with the movable membrane. As we shall see, in the absence of any damping mechanisms, this system can lead to the generation of motional nonlinear coherent states and their superposition for the membrane. We also study the nonclassical properties of generated state and show that how the system parameters (in particular, membrane's reflectivity and the Lamb-Dicke parameter) can strongly affect the dynamics of the system under consideration. If those states are to be observed, then very good isolation of the system from the environment is necessary. Although, by taking into account the relevant experimental parameters [21, 22] , just the same considered in this paper, one can neglect the membrane's motional damping, but one cannot neglect the cavity damping. Therefore, in order to make the model under consideration more realistic, we also consider the photon leakage from the cavity as a relevant source of decoherence and examine its influence on the motional state of the membrane.
The paper is organized as follows. In Sec. II we first derive an intensity-dependent Hamiltonian describing the coupling of the micromechanical membrane to the radiation pressure field through j -phonon excitations of the vibrational sideband. Then, by restricting our treatment to the case of j=1 and by using the Feynman disentanglement theorem we derive the time evolution operator of the system. In Sec. III we consider the generation of NLCS of the membrane and investigate the nonclassical properties of the generated state. In Sec. IV the preparation of the nonlinear multicomponent Schrödinger cat states of the membrane is discussed. In Sec. V we take into account the cavity field damping and study its effect on motional state of the membrane. Finally, we summarize our conclusions in Sec. VI.
II. THE NONLINEAR COUPLING OF RADIATION PRESSURE FIELD TO A MECHANICAL DEGREE OF FREEDOM

A. Model Hamiltonian
As is shown in Fig.1 , we consider a high finesse cavity which is detuned by the motion of a partially reflective membrane placed between two macroscopic, rigid, perfectly reflecting fixed end mirrors [21] [22] [23] 43] . Unlike the standard optomechanical structures, in this type of optomechanical system the coupling between the middle membrane and the optical cavity strongly depends on the position of the membrane. This position dependence results in a cavity detuning, which is a periodic function of the membrane displacement x, i.e.,
where L and r c are the cavity length and the field reflectivity of the membrane, respectively. The Hamiltonian of the system is given by (excluding damping and driving terms) [21, 22] 
whereâ andb are, respectively, the lowering operators for the optical and mechanical modes satisfying the commutation relations [â,
, and ω m is the oscillation frequency of the middle membrane. The fact that the motion of the membrane is quantized allows writing the operator of membrane's displacementx in terms of the Lamb-Dicke parameter η = ωp Lωm 2mωm [44, 45] (ω p and m denote, respectively, the frequency of the incident field and the motional mass of the membrane)aŝ
By expanding ω c (x) in term ofb andb † we obtain
where m = 2l + 1 (l is an integer number) and θ = 2Lω m /c. By using the Baker-Campbell-Hausdorff theorem in Eq.(3) we may rewrite the Hamiltonian of equation(1) in the formĤ
with ω 0 = πc/(2L) as the natural frequency of the cavity without middle membrane, describes the free Hamiltonian of the quantized cavity field and the free motion of the mechanical degree of freedom, and
where
and the nonlinearity function f j (n b ) is defined by(appendix A)
withn b =b †b and L ĵ n as the associated Laguerre polynomial, describes a nonlinear coupling of the radiation pressure field with the movable membrane through j -phonon excitations of the vibrational sideband.
B. TIME EVOLUTION
The time evolution operator corresponding to the Hamiltonian (4) can be evaluated easily. For this purpose let us consider the first excitation of the vibrational sideband by choosing j = 1 in the Hamiltonian (4):
where we have defined
The nonlinearity function f (n b ) plays an important role in our treatment since it determines the form of nonlinearity of the intensity-dependent of the coupling between the cavity field and the membrane. We point out that in the limit of very small values of the Lamb-Dicke parameter η and for certain values of the membrane reflectivity r c the nonlinearity function f (n b ) reduces to unity. (9) reduces to the Hamiltonian of the standard opto-mechanical system [27] . Therefore, the inherent nonlinearity of the model under consideration can be attributed to the parameters of η and r c .
In the following, we consider the unitary time evolution operator in the interaction picture, corresponding to the Hamiltonian (9) that readŝ
whereT indicates the time ordering operator. By substituting Hamiltonian (9) in the interaction picturê
into Eq.(11) and using the Feynman operator calculus [46] to disentangling the time-ordered evolution operator(appendix B) we obtain
where by definition
Now we make use of an approximation to simplify the unitary operator in Eq. (13) . In this approximation we keep terms up to second order in β. The accuracy of our approximations may be verified by considering the realistic values of β based on the experimental values of the relevant parameters [21, 22] . For ω m /2π = 10 5 Hz, m = 50pg, λ = 532nm and L = 0.67cm, we have |χ| ∼ 10kHz which leads to |β| ∼ 0.01. Within this approximation the time evolution operator in Eq.(13) reduces tô
Now, we assume that the membrane is initially prepared in a coherent superposition of the phononic Fock states |ψ(0) m = k C k |k m and the cavity field is initially in a coherent superposition of the photonic Fock states |ψ(0) f = n D n |n f . Thus the initial state vector of the system can be written as
The time dependent state of the system is obtained by
By substituting (16) and (17) into Eq. (18) we obtain
where Λ n = nβµ(τ ) and Θ = |β| 2 λ(τ ). Thus, after some rearrangements we obtain
with k ≥ l . As is seen from Eqs. (20) and (21), if the membrane is initially prepared in a vibrational vacuum state, i.e., if C k = δ k,0 then after a time τ = 2π it returns to its original state. At all times between τ = 0 and τ = 2π the membrane state is entangled with the cavity field state. Furthermore, we see from equation (20) that there is an explicit Kerr-like term in the time evolved state, so that physically one might expect the cavity field to have an evolution similar to that in a Kerr-like nonlinearity.
III. NLCS OF THE MOVABLE MEMBRANE AND ITS NONCLASSICAL PROPERTIES A. Generation of NLCS of the membrane
In this subsection, we consider the generation of NLCS of a macroscopic membrane. For this purpose we turn our attention to the state (20) . We assume a simple situation C k = δ k,0 that is the membrane is initially prepared in its motional ground state. Experimentally, the vacuum state of the membrane is feasible by cooling the membrane to its ground state [21] [22] [23] . Thus, the time dependent state (20) reduces to
where |Λ n (τ ) m ≡ |Λ n,0 (τ ) m . The explicit expression for the state |Λ n (τ ) m in the number representation is given by
and the normalization constant reads as
with
The density matrix of the system can be obtained by using Eq. (22),
and the reduced density matrix of the motional state of the membrane reads as
where |Λ n (τ ) m can be identified as a family of NLCSs of the membrane at time τ whose amplitude depends on n. In order to get more clear insight to the above result we present the following argument. In principle, the nonlinear coherent states |ζ; f are defined as the right hand eigenstates of the generalized(deformed) annihilation operatorB = f (n)b [36] [37] [38] ,
where f (n) is a reasonably well-behaved real function of the number operatorn =b †b and ζ is an arbitrary complex number. We may seek for an operatorĈ † which is conjugate of the operatorB, that is [B,Ĉ † ] = 1 while their Hermitian conjugatesB † andĈ satisfy the dual algebra [Ĉ,B † ] = 1. Thus it is easily found that
Now, let us assume D n = δ n,k in Eq. (22), i.e., the cavity field is initially prepared in |ψ(0) f = |k f . Thus the reduced density matrix of the membrane reads as (30) in which the state vector |Λ k (τ ) m (given by Eq. (23))is the right-hand eigenstate of the deformed operatorĈ given by Eq.(29)
In order to investigate the nonclassical behaviour of the generated NLCS, we focus our attention on the temporal evolution of the quadrature squeezing and of the Mandel parameter in the next subsection.
B. Quadrature squeezing of the NLCS of the membrane Squeezed states are known by reduced quantum fluctuations in one quadrature of the field at the expense of the increased fluctuations in the other quadrature. In order to investigate the quadrature squeezing of the generated nonlinear coherent state of Eq. (23) we definê
These quadrature operators show the position and momentum operators of the mirror, respectively. They obey the commutation relation
and, consequently, the variances
A quantum state of the membrane is said to be squeezed when one of the quadrature componentsX 1 andX 2 satisfies the relation
The degree of squeezing can be measured by the squeezing parameter S j (j = 1, 2) defined by
Then, the condition for squeezing in the quadrature component can be simply written as S j (τ ) < 0. The squeezing parameter S j (j = 1, 2) can be expressed in terms of the phonon annihilation and creation operators of the membrane as follows
Now, we study the temporal behaviour of S 2 (τ ), which gives information on quadrature squeezing of X 2 (τ ). Numerical results are presented in Fig.3 , where we have plotted S 2 (τ ) versus the scaled time τ for different values of the parameters r c and η. As is clear, the quadrature component X 2 (τ ) exhibits squeezing repeatedly at times τ = (2m + 1)π, (m = 0, 1, 2, ...) and the amplitude of squeezing is strongly influenced by the LambDicke parameter η. Fig.3(a) shows that for r c = 0.9 the quadrature squeezing only exists for η > 0.19 and the amplitude of squeezing increases by increasing the parameter η. Furthermore, we find that with the increasing value of membrane's reflectivity, the quadrature squeezing is strengthened and it appears for smaller values of η. For example, Fig.3(b) shows the quadrature squeezing of X 2 (τ ) for r c = 0.98(this relatively high value of the membrane's reflectivity has recently been considered in Ref. [47] ). As is seen, for η > 0.14 the quadrature component X 2 (τ ) exhibits squeezing periodically in the course of time evolution.
C. Mandel-Parameter
The Mandel-Parameter corresponding to the NLCS of Eq.(23) is obtained as follows
This parameter vanishes for Poisson distribution, is positive for the super-Poisson distribution, and is negative for the sub-Poisson distribution. Fig.4(a) shows the time evolution of the Mandel parameter with respect to the scaled time τ for two values of η and for r c = 0.9. As is seen, the generated NLCS for the motional state of the membrane exhibits the sub-Poissonian statistics in the most of time. In addition, the sub-Poissonian characteristic is enhanced by increasing the Lamb-Dicke parameter. Fig.4(b) shows the behaviour of the Mandel parameter for a higher value of the membrane's reflectivity r c = 0.98. As is clear, the higher values of r c leads to a considerable enhancement of the sub-Poissonian characteristic.
IV. GENERATION OF SUPERPOSITION OF THE MEMBRANE'S NLCSs
A. Superposition of NLCSs with different amplitudes
The system under consideration may also be used to generate a superposition of separated NLCSs of the membrane. In order to verify this claim, we assume that the cavity field is initially prepared in a coherent state, i.e.,
. Thus the reduced density matrix of the membrane, Eq. (27) , takes the following form
This state shows a superposition of NLCSs with different amplitudes Λ n for each value of n. The Q-function of the motional state associated with the state (41), is given by
where Fig.5 illustrates the normalized Q-function(Q(τ )) for different values of the Lamb-Dicke parameter and the membrane's reflectivity at time τ = 2.9 and for |α| 2 = 4. As is seen from these figures the separation between nonlinear coherent components is increased by increasing the parameters η and r c . Figures.5(a) and 5(b) show the double-peaked structure of the Q-function. We see that how the separation between the two components can be controlled by varying the parameters η and r c . In other words, by varying η and r c one can control the macroscopic distinguishability of the states involved in the superposition. Fig.5(c) shows an interesting case in which the membrane's state is a superposition of two different kind of states with equal amplitude, one of them is a coherent like state and another is a squeezed like state. We mention that this state can only be prepared for large values of η = 0.98 and r c = 0.998.
B. Nonlinear Schrödinger-like cat state
In this subsection we consider the generation of the so-called nonlinear Schrödinger cat state (NLSCS) of the membrane. For this purpose, we assume that the membrane is initially prepared in the NLCS discussed in section. III, i.e., |ψ(0) m = |ζ; f m = k C k |k m with
, where the normalization constant is given
. Thus the time dependent state of the system given by Eq. (20) at time τ = 2π reads
It should be noted that the experimental realization of the system under consideration shows η < 1 and θ << 1,(e,g. for the experimental values given in Refs. [21] [22] [23] , we obtain 10 −2 η < 1 and θ 10 −3 ). Therefore, one may keep terms up to first order in the phonon number n b in Eq. (8) and approximate the nonlinearity function f (j=1) (n b ) = f (n b ) by expanding the associated Laguerre polynomial
Under this approximation, the nonlinear function g(n b ) reduces to
By using Eq.(47) in Eq. (44), and assuming that the cavity field is initially prepared in the Fock state |l , D n = δ n,l , the state of the membrane is obtained as
Depending on the value of the parameter ξ, the state |ψ(2π) m can be made equivalent to a variety of nonlinear multicomponent cat states. As an example for, ξ = 0.25 we have
2 is the normalization constant [48] . The state (51) shows a twocomponent NLSCS. The all higher order-multicomponent nonlinear cats states of the motional state of the membrane may be obtained at time τ = 2π by varying the parameters ξ and ζ. The normalized Q-functions(Q(τ ) ≡ Q m (τ )/ℵ 2 + ) of the cat states produced by different values of ξ and ζ and for a given value of the membrane's reflectivity are shown in Fig.6 . It is interesting to note that by varying the membrane's reflectivity one can control the separation between the components of the generated NLSCS. To show this, we have plotted the normalized Q-function for three different values of r c in Fig.7 . Obviously, by increasing the parameter r c , the separation between the components of the produced NLSCS is increased.
V. EFFECTS OF CAVITY FIELD DAMPING ON THE MOTIONAL STATES OF THE MEMBRANE
In order to make the model under consideration more realistic, we now take into account the cavity field damping to examine its influence on the generated motional states of the membrane. For this purpose, we consider a regime in which the radiation mode relaxes much faster than the mirror. Experimentally, in the system under consideration the membrane Quality-factor is too large (Q m = 10 6 [21, 22] ) which leads to small membrane damping rate compare to the cavity damping κ. The case in which the mirror relaxes much faster than the cavity mode, does not show any quantum features due to the thermalization effects [28] . We assume that the number of thermal photons is negligible at optical frequencies. Hence, the master equation for the whole system reads as [28] 
where κ denotes the rate of damping due to the photon leakage from the cavity. In order to solve Eq.(52) we introduce the new density operatorR asρ(τ ) = U (τ )RÛ † (τ ). Here,Û (τ ) is given by Eq. (16) . By using this definition we rewrite the Eq.(52)aŝ
We now assume the above differential equation has a solution asR =R 0 +R 1 , whereR 0 is a time independent operator, i.e.,R 0 = 0(this operator corresponds to the free solution of Eq. (52)). While,R 1 satisfies the following time dependent differential equatioṅ
Since the damping term L(ρ) is small enough, one can apply the first order Born approximation to replacẽ L(R 0 +R 1 ) byL(R 0 ) in the right-hand side of Eq.(55). Under this approximation, the following solution for the operatorR is obtained
Hence, the density matrix ρ(t) is given bŷ
is the undamped part of the density matrix given by Eq.(26) and the damping part ρ 1 (τ ) has the following formρ
To study the time evolution of the system in the presence of cavity damping we turn our attention to the density matrix of Eq. (26) in which the cavity field is assumed to be initially in a coherent superposition of Fock states, and the membrane is assumed to be initially prepared in the motional ground state. By using Eq.(53) the damping partρ 1 (τ ) reads aŝ
Substituting from Eq.(B2) into Eq.(61) and applying the Baker-Campbell-Hausdorff formula together with using the Feynman disentangling theorem we arrive at
(62) By substitutingρ 0 (τ ) from Eq.(26) into Eqs.(60) we readily obtain
Finally by using Eq.(62) we find the following expression forρ 1 (τ )
We are now in a position to examine the influence of the cavity field damping on the motional state of the membrane by using the density matrix of the Eq.(57). As before, we assume the membrane to be prepared in a vibrational vacuum state initially. In Fig.8 we have plotted the time evolution of the Mandel parameter of the membrane motional state for various values of the rate of cavity field damping, the membrane's reflectivity and the Lamb-Dicke parameter. From Fig.8(a) it is evident that unlike the undamped case (κ = 0), at the initial stages of evolution the Mandel parameter increases which shows super-Poissonian statistics. However, as time goes on, this parameter decreases and the sub-Poissonian statistics occurs. The rate with which the enhancement of super-Poissonian (sub-Poissonian) statistics occurs is directly proportional to the membrane's reflectivity r c ; the greater r c is, the more quickly the Mandel parameter increases (decreases). Furthermore, as in the undamped case, with the increasing value of r c the sub-Poissonian characteristic of the motional state of the membrane is strengthened. Also, Fig.8(b) shows that by increasing the lamb-Dicke parameter η the sub-Poissonian behaviour is enhanced. In Fig.9 we have illustrated the time evolution of the squeezing parameter S 2 (τ ) in the presence of the cavity field damping. As is seen, the photon leakage from the cavity suppresses the quadrature squeezing of the motional state of the membrane in the course of time evolution. However, it is evident that increasing the Lamb-Dicke parameter η (Fig.9a) or the membrane's reflectivity r c (Fig.9b) brings about noise reduction in the quadrature X 2 and thus will increase the quadrature squeezing. Thus, we conclude that the destructive effect of the cavity field damping on the nonclassicality associated with the motional state of the membrane can effectively be controlled by changing the parameters r c and η .
As another aspect of the influence of the cavity field damping on motional state of the membrane, we turn our attention to the NLSCS introduced in Sec.IV. For this purpose, we consider the density matrix of Eq.(57) at time τ = 2π in whichρ 0 (2π) corresponds to the nonlinear multicomponent state of Eq.(49) andρ 1 (2π) is obtained from Eq.(57). As an example, the corresponding normalized quasiprobability Q-function(Q m (τ )/ℵ
2 ) at τ = 2π for two different values of the cavity field damping rate κ and for given values of the parameters r c , ξ, ζ is illustrated in Fig.10 . As is seen, for small value of κ the Qfunction consists of two well-separated peaks ( Fig.10(a) ). By increasing the damping rate, one not only decreases the height of the two peaks but also decreases the spatial separation between the NLCS components involved in the superposition (Fig. 10(b) ). In this connection, further numerical analysis reveals that by changing the parameters r c and η one can control the spatial separation between the components of the generated NLSCS (i.e., controlling the influence of decoherence). It is also worth noting that the generated motional NLSCS preserves more or less its quantum coherence even in the presence of the cavity field damping. This survival of quantum coherence, which can be attributed to the nonlinear character of the system under consideration, is in full agreement with the fact that deformed (nonlinear) coherent states superposition can be more robust against decoherence than the usual (nondeformed) Schrödinger cat states [48] . It has been shown [36] that deformed states, due to their nonlinear character, give rise to a more rich phase space structure, part of which can easier survive against decoherence.
VI. SUMMARY AND CONCLUSIONS
In this paper we have introduced a physical scheme that allows one to generate and control the nonclassical properties of motional nonlinear coherent states and their superpositions for an undamped vibrating micromechanical membrane inside an optical cavity. We have shown that if the cavity field is initially prepared in a Fock state the motional state of the membrane may evolve to a family of nonlinear coherent states. We have been interested in analyzing the nonclassical properties of the generated state of the membrane, including the quadrature squeezing and the sub-Poissonian statistics. In particular, we have found that the Lamb-Dicke parameter and the membrane's reflectivity lead to an enhancement of the nonclassical properties. As we have seen, with increasing the Lamb-Dicke parameter and the membrane's reflectivity the sub-Poissonian behaviour and quadrature squeezing of the motional state of the membrane are considerably strengthend. In addition, the scheme offers the possibility of generating various types of the so-called nonlinear multicomponent Schrödinger cat sates of the membrane. We have shown that the separation between nonlinear coherent components is increased by increasing the parameters η and r c . We have also extended our treatment to a more realistic situation in which the photon leakage from the cavity as a relevant source of decoherence is included and have examined its influence on the nonclassical characteristics of the generated motional states of the membrane. We have shown that it is possible to control the effect of the cavity field damping on the nonclassical behaviour of the motional state of the membrane via the Lambe-Dicke parameter and the membrane's reflectivity. In particular, we have found that the generated motional NLSCSs of the membrane can be more robust against decoherence than the usual Schrödinger cat states.
At the end, we would like to point out that our treatment is restricted to the case of one-phonon excitations (j=1) of the vibrational sideband. It is expected to generate some other interesting nonclassical motional states of the membrane, e.g. nonlinear squeezed states, by considering higher order of excitations. We hope to report on this issue in a forthcoming paper. 
